SOME THEORETICAL CONSIDERATIONS ON THE USES
OF COEFFICIENTS OF VARIATION IN SAMPLE SURVEYS!

JOSE S. GUTIERREZ?

The more common uses of coefficients of variation
O’u '
(—E;- or simply cv) in sample surveys are in the de-

termination of sample sizes, for specification of the accuracy
(precision) of survey results, in the comparisons of efficiencies?
of two or more survey or experimental designs, and as mea-
sures of relative variability. This paper, however, will only
consider the uses of coefficients of variation in the comparisons
of efficiencies and as measures of relative variability.

Coefficients of Variation As Measures of Relative
Variability

On the distribution of coefficient of variation. Mckay
(1931) believed that in certain problems arising from the
practical application of statistics, coefficients of variation prove
to be of as much importance as the absolute values of the
means and the standard deviations. For example, when all
the observations are by nature positive it is desirable to mea-
sure variability relative to the mean rather than in absolute
values (Wallis and Roberts, 1963).

1 Paper read in the Annual June Conference of the Philippine
Statistical Association, June 24, 1965, Manila.

2 Assistant Professor of Statistics, Statistical Center, University
of the Philippines, )

38 The writer wishes to acknowledge the suggestion of Dr. Alva
L. Finkner formerly of North Carolina State College now with the

Triangular Institute, North Carolina, as regards this use of the coefficient
of variation.
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Mckay’s (1931) first approximation to the distribution of
coefficients of variation was observed to be erroneous by
Pearson (1932). Although it is not mathematically accurate,
it is adequate for practical purposes and that agreement be-
tween the approximation and numerical tests improves as the
coefficient of variation decreases and sample size increases
(Fieller, 1932). Pearson expressed the opinion that it allows
for somewhat too few high values and too many low values
but the agreement on the whole is very satisfactory.

Hendricks and Robey (1936) worked out the distribution
of the coefficient of variation with the hypothesis that nega-
tive and small positive values of the mean occur infrequently.
Numerical examples were made to test the validity of this dis-
tribution. The agreement between the observed and theoretical
on both tests was fairly good graphically, but tests of goodness
of fit showed the agreement to be rather poor. The distribu-
tion of observed and theoretical values are skewed to the left.

On the relationships of s and x. Consider the joint distri-
bution of s and X,

f(x, s) = ce-n'iz/zo'z o8=2 .-u:z/zaz

as describing a frequency surface (C, a constant), The volume
under the surface represents the expected relative frequency
of means and standard deviations of all possible samples of
size n. In depicting the surface, Deming and Birge ( ) set

§ = ¥ so that the origin of u'is at x-u. -Also

since . e =
~:° f:° f(x, s) dxds = }

the volume under the surface over a closed contour in u,
s — plane represents the proportion or percentage of sample
means and standard deviations falling simultaneously within
the ranges defined by the boundary of the given contour. For
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two values of n the frequency surfaces are presented by

sections in the following figures
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These authors also pointed out that the highest
point of the surface has the coordinates u < o,

8§ = o 3%?@ * If X and 5 are independent, all

plane sections with s, constant will be normal
curves, with standard deviations, o /Vn , while,

0, constant sections will be skew curves (see

figures above) whose equations are given by

-1

n-1 \
. =z, 0\ T rh-
f(s) (-2) z( 2)
c
)

exp {fn!2/202) 2

They will have the same meon ond mode as n increases,
their neon and mode approach coincidence with the
value O . while the curves lose their skewness ond
become norral with center s = ¢ and stardard devia-
tions, o / v2n. Also as n increases, the surface
becomes more and more concentrated about the point u=o,

S = 0.

A simple relationship between s and x can be established
by using Hartley's (1965) concept of the expectation of ratio

of two random yariables, u and v as follows:
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gy = E(u) _ Coviy + V)
v E(v) E(v)

which can be written as
| u Y
E(u) = E(v) E(v) = Cov (v . v).

Suppose s is put in place of u and x instead
of v, then o simple relationship betwsen the expec-

tations of x and s follows:

E(s) E (-E-) E(x) + Cov (., %)
X'

E(cv) E(X) ¢ Cov (cv, X).

where the covariance term will take.a value zero or
not zero depending upon whether the third moment i,
is zero or not zero, résﬁecti,vely. ft3 equals to zero
means thot the distribution of x's is eymmetric and
net equal to zero, skewed.

The population standard deviation can be expresséd as a
linear function* of the population coefficient of variation and

the popul ation mean as follows:

‘c=.a +‘§p
where
e = E(s) )
o ). ws#o
a sl . X -~ Co

O‘ . #43:0

4 Ofiate (1965) using experimental data also arrived independently,
at the same relationship given above.
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g = E(x)

Illu?trati\:e, examples of this relationship are

Item N . o
Net farm 3 2,014.5 .
Income 10 1,986,5 o0
Cash 3 5.568. 1
BoArroved 10 8;791.4 6.976. 4

Illustrative examples of the magnitudes of u, o2,

o
Ko and -}1 are ae follows:

2 <
Item M N4 Hq &
Closeb
Farmé
Hcadquarten 7 .98 84.12 1,365 .96 1. 1493
Net farms
Income 2,118.88  4,334,767.60 86,161,973,656.00 .9827

Cash®

Borrowed 3,860.44 48,677.321.00 10,261,681,603,036.00 1.8072
Bias of the estimated coefficient of varjiation.

The sources of bias of the estimated coefficient of

variation are the bias in s and the bias due to the

. covarfance between -; and X, -

5 Source Miraville, Comparison of Two Estimates of Relative Ef-

ficiency.
6 Source Gutierrez, Regression Analyses for Evaluation and Plan-
ning of Economic Development Programs.
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The E(s8) is
E(s) = b(n) ©
vhere b(n) is asymptotically equal to (Bopanovsky. 192%5):

3 7
l‘_—- - - %00
" gad
Hence for l&rgo h. the bias in S can be ignored. This
implies that for large n and py = O, £ con he considered

o o
as an unbicased estimator of — (or;;). However, even
for lorge N and Hq # QO the bias oflé as an estimator

o, . X
of—&ig

Eu .

1
- cov (%X, X) .
E(X)

: TR AL
Var (x) ¥ E}] — - E(Q)
_ X xd-

which can be estimated by

The estimated variance of.ihé‘coéf?iéiepfigf variae
t..i'on » L ‘ A | .
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was studied usm" net farm income and cash borrowed by Iowa
farmers as reported in a farm-socm-economxc survey conducted
in 1960. Two sample sizes were ‘also’ considered in this study,
namely, 3 and 10. One hundred samples of each of these
samples sizes were drawn. (The population used in this study
is only a sub-sample of an Iowa farm-socio economic survey,
hence n largar than 10 was not investigated.)

The results are suomarized as follows:

t Sample s s 8 _ By
. var{ = v({_— . X cs
tens Si ze - r(;) co (x )
Net farm
Income 3 1.0473 .1996.  -2,5236  ¢,0646
10 1.0589 L1910 .0942 +.0762
Cash K| 1.3512 .4149 +2.6772 ~ -.3560
borrowed 10 1.6798 . 2097 -1.0442 -.1277

Losses and break-even values (zcros) are included in the
item, net farm income, while item cash borrowed includes only
zero item (no cash borrowed) values.

The effect of screening zero values on the coefficient of
variation. The effect of excluding zero values in the computa-
tion of the coefficient of variation was also studied. The re-
sults are as follows:

Coefficiwmt of

Iten %,
Variation 7‘:
floi fars income L8673
‘ Cash borroved L4275
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Screening the goro values vill reduce the coeffi-
clent of varlation if the proportion of zero vc!udq ie
not ceatrally (o.r'nnrly centrally) located. The re-

_ lation betveen O, "(variance with zeros excluded) and
a2 (variance 'uh geros included)is given by the fol-
lowing relation: -

= e q

p .p?

vhere p is the broporti.on’ of zero .vcluehs'."q s l-p and
# the population mean. If the zero values are cene . .
trally (or nearly centrally) located; 0-3 > 0%, which

implies that %o >_j'__, .. 1f, however, the zero volues
Ko K 2 2
are on either side of the distribution, % <o

o4 c .,
amd e X —
e x -

As given above there is a considerable -reduction in: the co-
efficient. of variation for cash:borrowed, while for net farm. -
income, the coefficient was not reduced as much as that for -
cash borrowed due to the presence of a small proportlon of
negatlve values ' R e -

-‘:App'r'oximate variance formula of  the estimated coefficient:
of variation. Since in general only one estimate of the co-
efficient of variation is available the variance formula dis-
cussed in an earliér section is not very useful. However, an
approximate formula based on the mean square ‘error can be
used. This approximate formula is as follows:

sy 2 EZX(s) [_Var(s) _ Var(®) . _ z..s:ov(s.‘i)],,
Var (“)— E2%)  LEZ (s) E2(®  E(s) E(T)

x
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Putting the estimator of Var s and Var x in the above formula
the following approximate variance formula is obtained:

var [2) ¢ }:2(.) 82 . ll2 _ aCov(s, ;)]
. c -— - . _
l (‘i) E2(%) ,[2:;52(-) aE3(x) E(%) elX)

s E°(s) 1 (c:vr)2 2Cov (s, X)
.'23" s - "E(8) E(X)

If the covariance term is zero the approximate variance formu-

. la can be written as follows:
Var (]_ E%(s) [V;r (s) V;r .(:*')]
2% ( E2 (o) E? (%)

B [, e

Both can be estimated by using the following formula:

-y Using the approximate formula the estimated variances are:
Ny
Sample : Estimated
Items - size Variance
Net farm 8 .0619
~ Income 10 .0056
" Cash 3 .3042
Borrowed ) 10 . .1410 -
The Coeffxcnent of Variation As A Measure of
’ Relative Efficiency
The need for thorough statistical investigation of different
sampling designs is great. Quite often such investigations are
g 231



neglected since once a survey has been conducted, the question
of whether it could have been carried out more’ efficiently is

‘purely historical as far the éﬁrvey is concerned (Yates, 1953 )l.

‘The ratxo of squared coeffxc1ents of var1atlon can l7e used
as a measure or indicator of relanve eff1c1ency

Rel-variance (03/5.3 ) of the ratio of squared!

‘coefficients of variation.

Comparison of. . efficiencies of two. or more surveys or
experimén.tal‘ .designs. is "}:g-;'-émr_r‘lrox)ly .done wi\th}' the' use of
ratio of variances (F-distribution) but' the ratio of squared co-
efficients of variation, especially in survey sampling can also
be used. If we let R be' thé’-tiﬁdica_ilgrgof the true relative
efficiency which is equal to the ratio of population variances,
then we can write R symbolically as follqws:

o2 o? o?
S A
: . o
P " o
1
- o? .
vhere i (i‘Z ) is the variance of euch type of

scmpling approack ond &, . the population.mean. If instead
2 .
* 2
of the pcrumeter i and wu, si und xx(x - 1, 2) are

used,’ ‘then ‘we &an estxmate the parameter R by the two es-

timators, ‘namely: . . ..
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and

Using the concepts given by Hansen, Hurwitz and
~ Madow (1956). the rel-variances of the estimators are

2 . u2a 2,
'Vac =vncv1 ﬁvﬂcvz
i | 2
e B, _1?__,12.._4_"3(1)
n L e
14
2
By aoy 4 #3(2)
ERAF-SF vy
2 2°2
via
with ) = My o Rev can be written as
B oy u
vz“ g +_4._l;_ 3(1)
cv n 8 2 52
) )
LAt 4% ey
Sommten § e G g G GEE——— .
o n 2 n 2
s Oold
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ocnd

2 . .2 2
=V v
vRv Rv + Rv
) 1 2
B, . b1
s 1-1 + 2
n n

shere Bi :f_&l and with the assumption that ﬁcvl,‘

o

is uncorrelated with ‘ﬁcv and ﬁv uncorrelated

1
with ’ﬁv :
2
2 2
\'/ v
ﬁCV ﬁv
if
2
47 a8 fany <o
n 2 0 L4
or
02 “w
-ﬁ—l[l- 3(1)] < o
" ot
1
or ‘4
m

In o symmetric populotion this i's not true

since Hq = 0. Miravalle (1957) pointed out that

vhen the meon and variance are correlated, /zf o.

4 2 2
and if p, > g; then f., < V’ﬁv .
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This oppears to ke’ reasoncble since in a sample
form a skewed population if the meon is overesti-

mated or underestimated the varionce is also over-
estimated or underestimated and the ratio S

x
should partially compensate for any poor estimators
of the numerator and denominator and thus yielding
a better measure of the true population coefficient
of variation, and hence of the true R, then the

estinated variance would give us of the true ol .
Miravalle (1956) using the results from two

sampling systems for estimating cotton acreage

have shown that viziv = 0.181 and V% = 0,137,
cv

The systems used were closed segment and farm
headquarter approach. The results from both systems are
expected to be skewed distributions. In this case of skewed
populations and with an assumption of independence Miravalle
rcmarked that the ratio of the coefficients of variation seemed
to be a better estimate of the relative efficiency than is the
ratio of variances.

The writer (1958) in an unpublished research studied the
influence of type of agricultura] items, the influence of matched
and unmatched samples and the influence of sample size on
the feasibility of the ratio of squared coefficients of variation
as indicator of relative efficiency.

For studying the influence of type of agricultural items
the following were used:

Cultivated land and pasture (for brevity, pasture)

Cultivated land and tobacco (for brevity, tobacco)
and for sample sizes:
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n
n

20
100

Two hundred samples of size 20 and 100 were drawn from an
assumed population of tobacco and pasture. The mean of

R's by item, estimator, type of sample and are summarized as
follows:

Type of Sample  Estimator Pasture Tobaceo
n=2 n 10 a=2 a=100
Matched By 34578 2836 10701 1.0724
Ry 49028 41707 1,129 1.0873
Unmatched R, 2.5060 9.8811 13434 1.1358
R, 6484 4309 19025 1.2228

True B 8.9704 10818

The estimated variamces of fre by i.tém. estimator, type of
éaple and size of sample are given in the following table:

Type of Sample  Estimator Pasture Tbb§¢60
p=2 na=100 na=2W a=100

(43

Matched . Rey 7.8929 8.8775  0.2198 0.0675

s

B 70.013¢ 7,983  0.3769 0.0911
Unnatched Hee  9.%606 4.0021 1.6502 0.2523
Bv 1601006 124210 1L.414¢ 05748

shere the variance was estimated by using
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n

[
-—

N 1 . o 2 .
Var (Bj) '_—n(n-l)z (Bj - EBj) s = cv. V.

In studying the relative efficiency of the estimator Rcv
and Rv, Pitman’s “closeness” criterion was used. Geary (1943)
in the normal case, evaluated the probability of

EREIRIEETEY greater than 4 by using
1.1 ) 2
P—';tan (29 x% V1 =p/ o x= oy)

Geary added that for all values gf o the probability

the equation:

18 greater than or less than 4 as o, is respectively

less than or greater than Ty

Applying Geaty’s formula in evaluating Pitman‘s
criterion of Closeness, the probability of

'R‘cv Rl <] ﬁv - B will be greater thon % if Op..
is less-than..ofjz;—ond will be less than 4 if Of., is
less than of . Three cases are evident, namely:
Case I, " =
Hev ~ TRy

the probability is equal to 3: hence, it would not

1f o is equal to of, .

Recv

maoke any difference which estimator is to be used,

Now i f Tfey = then
cv

“Rv
- _{_ =1 [~ 2/ 22 28
P - tan (2 aﬁcv oﬁv 1 p/o Rev = o Rv) ¥

Case I1. oR., > Offy. If Oficy 18 greater thon

Opy Such that Rv is definitely better than ﬁcv' the
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probability of lR -r| <] 'ﬁv".—' Rl
-3ero as aRv approaches zero,

1° 1 tan 20 - ,/-
S P T ( <Acv- p O'r‘.

Rcv' ; :
- | \

.willf, approach:

L gt ohaoe o |
- 0,2"_ O "‘, 0 i
. BV Rv) R

cp o e
R R

. o
Case 111, “R v If aRdv 18 ‘léss thtm Hv ¥

cv
isuch{:’:‘th’g‘t the p\rol.mbi-li ty of 'I.‘Hc : Hl IP l'i\-"—"‘-“'f-”
approaches. unity. as oﬁv _approaches zefo. 'i Le.:

azﬁ a.zi'?v)-'----"""'9

e

1 ST Svro, 1. o
'P--_”‘t'ar‘a (QcRcv Hvlp/azﬁ (-0

Diagrammatically, these casés &an be shown as follows?

¥ v K .‘ %
111 , 11 X
e ) K]
UR S OR BAUES S B & O'ﬁ:‘_ > O:’ﬁ W
cv’ v Y cv v
e !
i iy (14
OgP <4 056<7
o § at & gg
o ¥
[+]

e e Lo T - S I T L3 L dumands !
thot 'is for any “vilue“of @ in the firet quddfant ’Rv would be
a better pg.i’:im;at*"d r ‘th cnw'-ﬁé",ii:réﬁédi..ﬁfak any ~Valueio f-‘:’vezigﬁﬁhe
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.

-

second quodront. H., would be a better estimator

L4

thgn Bv.-» e . A P N 3 D . ’.'.)""-
The probability values obtained in above onalyseis
are as follows: _
P N PR VAN
. ) Type of Size of Probability
Item’ : " - Sample . - Sample . - .!.Value
N - 20 .+ .0.6193
Matched o
100 . . ...0.6580
Pasture
. 20 0.6649
Unmatched
100 0.8314
20 0.7649
Matched B
’ 100 -0.8155
Tobacco ‘ .
20 0.7315
Unmatched
100 0.8728

Evidently, the results of the above cnolysis
- Lal
indicate that 'Bc' is a better estimator of R then Rv,

Genercllzction;'hévever. is difficult since the itudy

:wcs‘llmltgd to skeved distributions.

Bias ip estimates. 1f the population are normal,

then both estimators are unbicsed since

- 2
" S1y_e51h
E (Rv) ® E( 2l - 7
2 BN 2 o W R . 5 -
Sl and 82 being independent. Likewise
2 i iPev 2o Rey o,
E(Bgy) = E(; J‘) = "g(n L. ;
Rcyz ( cv2’
239
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ﬁévl and ﬁ¥v2 being independent, ond also the somple

meon ond varionce for the normal populations are in-

dependent (Mood 1963).

Miravalle (1957) on the other hond considered

.the case when §2 is not independent of s? . She esti-

L3

moted the bios for Bcv as

Bios = E(R_, - )
2
o 21
) 2[ 1 -2 991
0% 4 04—z - psix B, - 2
i 1 " 1*2 0z B 1] oy
l 2 2 4‘75 22 " o ":
+ ——— ™ ) hand
%2 °2[ 2 %2 B ]

vhere Bi (i = 1 2) is the bios in R (i = i. 2).
' 3

Bias
R

bios., for different Values of p, B i ond af are as

Miravelle's results on the value of proportional

follows:
8 o2 l ol Eios
P 1 1 | 52 2 T
0 7 100 7 100 0
0 1 225 7 100 .084
0 9 100 6 - 100 0
0 9 225 6 100 .048
0 10 100 5 100 0
0 10 225 5 100 048

20



b T 100 7 100 0
.b 7 144 7 100 .013
b 7 225 7 100 .037
b 9 100 9 100 —.006
.b 9 144 9 100 .006
.b 9 226 9 100 .028
b 10 100 10 100 .010
.5 10 144 10 100 .002
b 10 225 10 100 .026
1.0 7 100 7 100 0
1.0 7 2256 7 100 .026
1.0 6 100 9 100 —.012
1.0 6 225 9 100 .010
1.0 6 100 10 100 —.020
1.0 b 226 10 100 0

Using the same populations (skewed) the writer

arrived at the following biagses for the 'ﬁcv.s and 'P'v..
by item, type of sample ond size of somple:
Type of Estimator Pasture Tobui:éo
Gample
n=20 =n=100 n=2 a= 100,
R,  -0.5216° - 0.1398 =0.0117 = 0.0094
Mat ched R, +0.9322 + 0,2003 +0.0481 + 0,0055
R, . =0.3744 - 0.0893 +0.2616* 0.0540
Unmatched - fiv  ~ +2,4780° - 0.4265 +0.8207¢ 0.1407
R ‘ 3.9704 1.081°

s Slqnlﬂéunt. $% level
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