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SOME THEORETICAL CONSIDERATIONS ON THE USES

OF COEFFICIENTS OF VARIATION IN SAMPLE SURVEYSi

JOSE S. GUTIERREZ2

The more common uses of coefficients of variation

CT

(E: or simply ev) in sample surveys are in the de-

termination of sample sizes, for specification of the accuracy •
(precision) of survey results, in the comparisons of efficiencies''
of two or more surveyor experimental designs, and as mea-
sures of relative variability. This paper, however, will only
consider the uses of coefficients of variation in the comparisons
of efficiencies and as measures of relative variability.

Coefficients of Variation As Measures of Relative
Variability

On the distribution of coefficient of variation. Mckay
(1931) believed that in certain problems arising from the
practical application of statistics, coefficients of variation prove
to be of as much importance as the absolute values of the •
means and the standard deviations. For example, when all
the observations are by nature positive it is desirable to mea-
sure variability relative to the mean rather than in absolute
values (Wallis and Roberts, 1963).

1 Paper read in the Annual June Conference of the Philippine
Statistical Association, June 24, 1965, Manila.

2 Assistant Professor of Statistics, Statistical Center, University
of the Philippines.

3 The writer wishes to acknowledge the suggestion of Dr. Alva
L. Finkner formerly of North Carolina State College now with the
Triangular Institute, North Carolina, as regards this use of the coefficient
of variation.
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•
Mckay's (1931) first approximation to the distribution of

coefficients of variation was observed to be erroneous by
Pearson (l932). Although it is not mathematically accurate,
it is adequate for practical purposes and that agreement be­
tween the approximation and numerical tests improves as the
coefficient of variation decreases and sample size increases
(Fieller, 1932). Pearson expressed the opinion that it allows
for somewhat too few high values and too many low values
but the agreement on the whole is very satisfactory.

Hendricks and Robey (1936) worked out the distribution
• of the coefficient of variation with the hypothesis that nega­

tive and small positive values of the mean occur infrequently.
Numerical examples were made to test the validity of this dis­
tribution. The agreement between the observed and theoretical
on both tests was fairly good graphically, but tests of goodness
of fit showed the agreement to be rather poor. The distribu­
tion of observed and theoretical values are skewed to the left.

On the relationships of s and x. Consider the joint distri­
bution of s and X,

f(i. 8) =ee-Di 2/ 2O'2 .a.2 .-aI2/ 2Cr 2

as describing a frequency surface (C, a constant). The volume
• under the surface represents the expected relative frequency

of means and standard deviations of all possible samples of
size n. In depicting the surface, Deming and Birge ( ) set

ii' = i~p;. 10 that the ori,CJin of u is at x-jJ.. ·Also

Iinee

•

the volume under the surface over a closed contour in u,
s - plane represents the proportion or percentage of sample
means and standard deviations falling simultaneously within
the ranges defined by the boundary of the given contour. For
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two values of n the frequency surfaces are presented by
sections in the following figures
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These authors also pointed out that th~ highest

point of the surface has the coordinates u =0,

2
8 =0" {11-2} • If i and s are independent, all

n

pi one sections wi th 8, constant will be normal

curves, with standard deviations. 0" /~, while,

0', constant sections will be skew curves (see

figures above) whose equations are qlven by

. f ( 8)

-1

"C» err 0;1)

n-2
8

•

They filiI have the same mean one:! mode ae n ir:creaaea.

thei r ".an and DIode approach coincidence wi th the

value C1" while the curve. lose their skewness and

.become ne n- e l with center 8 = C1 a:'ld star:dard d e vl e-

t Le n e , C'lv'2;;. Also as n increases, the su r f e e e

becomes more and more concentrated about the point u=o,

s = cr.

A simple relationship between s and x can be established

by using Hartley's (1965) concept of the expectation of ratio

of two random variables. u and' v as follows:



•
E(.Y,) = !.!.!!.l eov e; • v)-v Eev) E(v)

which can be written as

u •E(u) = E(V) E(v) = COY f'v • v) •

Suppose a is put in place of .. and x ID.~ead '

of v.then a simple relationship b.twMn the expec­

tations of x and 8 fGllo•• :

E ~) • •E( s) = E(x) .. eov (i· X)
:II'

= E(cv) E(i) + Coy (ev. i),

where the covariance 'term will take ,0 value zero or

not zero depending upon whether the third moment ;.L3

is zero 0 r no t zero. re sp.ec t Lvel y. f3 equal s to zero

means that the distribution of x's is tlymll'etric cn d

not equal to zero. skewed.

The population standard deviation can be expressed as a
linear function' of the population coefficient of variation, and •

t h e popul c t Lon mean as follow::::

a = a. + ~p.

(iT = E(s)

, {'co,V ('= :);'
,0. .. ' X r:
" 0'

4 Onate (1965) using experimental data also arrived independently.
at the same relationship given above.
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p. e: r(x)

-
Illu.lltrati~e. examples of this. relationship are

r

Item N s (f

Net farm 3 2.014.5
Income 10 1!996.5

658.4

Cash 3 5.568. 1
Borrowed 10 6.791.4

6.9'16.4

Illustrative exampl es of the magnitudes of JI.. ·2u.
and

0-
IL:. f.L

aTe Qe (011 OWl!:

Item ci2 u
J.£3 -IJ.

Close5

Segment 11.06 115.30 1,312.57 .3070

Farm5

Hcadquarten 7.98 84.12 1,365.96 1.1493

Net farm'
Income 2,118.38 4,334,767.60 36,151,973,656.00 .9827

Cash'
Borrowed 3,860.44 48,677.321.00 10,251,581,503,036.00 1.8072

Bias of the estimated coefficient of variatIon.

The .ou reu 0'( blaB 0 f the uUaatec:t coefflc1at of

9arlatloD are the ))10. in • cmd the bia. due to ".

covorlancebe' ••en ! ad i.
x

5 Source Miraville, Comparison of Two Estimates of Relative Ef­
fieieney.

6 Source Gutierrez, Regression Analyses for Evaluation and Plan­
ning of Economic Development Programs.
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The £(8) Is

£(a) =ben) g

-here ben) 1s asymptotically equal to (Romano••ky. 1925):

3 11 • 4ii - --:.--! - •••••
32n

~ce for large n. the bias in 8 can be ignored. This
implies that for large n and #3 = O. ~ eea .be considered

x

•

(or'";; ). However. even
Eu ,..

CT
U

as an unbiased estimator of
CT

for 1arge Nand. 1J.3 1 0
au

of ~ Is
Eu

8the bias of =as au estimator
x

!.
_ cov (x, X)

[(x)

Variance of the estimated coefficient of variation.

By definition the vari ance 0 f ! is
x

which' can be estimated by

•

.var (~) =

n ,2 ;. (:-x·
2
.J

[ (~). ~ ~n

n-l

Hon. s

x
I, . ';

•



was studied using net farmincome arid·cash borrowed by Iowa
farmers as reported in a farm-socio-economic survey conducted
in 1960. Two sample sizes were 'also considered in this study,
namely, 3 and 10. One hundred samples of each' of these
samples sizes were drawn. (The population used in this study
is only a sub-sample of an Iowa farm-socio economic survey,
hence n largar than 10 was not investigated.)

The results are 8u~~arited as (ollows:

• Items

Net form
Il1come

Cash

borrowed

Sample s
vor(~) cov(~ . x)Size - Bios

x

3 1.0473 .,1996· -2.5236 . + .0646

10 1.0589 .1910 .0942 + .0762,

:I 1. 3512 .4149 +2.6772 -.3560

10 1.6798 .2097 -1.0442 - .1277·

••
Losses and break-even values (zeros) arc included in the

item, net farm income, while item cash borrowed includes only
zero item (no cash borrowed) values.

The effect of screening zero values on the coefficient of
variation. The effect of excluding zero values in the computa­
tion of the coefficient of variation was also studied. The re­
sults are as follows:

eoeffletwt of

Net far. lDcollle

Caah 110 r ro.~
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Screell11l9 the 18ro ,,01....111 recluce the coelll­
cleat of 'arlatlOlllf t!leproportloll of lero .01 ... 1.
Dot celltraUy (or nearly celltra11y) locatect. The re-. .' '. "2 .
latloD bet.eeD 0'0 . (varlaace .ith lerOi nclod.d) aDd

O'~ (.arlaace .ithlero. included)l. 91.ea by the fol­

lowlll9 relaUon: .

where p 1. th. propo-rtloD of zero Yalue•• q. l-p and
'" the population lIean. If the zero values are een- .

trally (or Ileady centrally) located. 0': > 0'2 • wblch

lI1PU" tha~ ~ >~ •. If. how.v.,. the. zero volu ••

lJ.o '"are on either alde of the dhtributioD. 0'2 < (72 ..o
CT CT.

an.d·-2, <-. , lJ.o Jl .'

. As given above' there is a considerable "reduction in' the co­
efficient. of variation for cash borrowed, while for net farm .
income, the coefficient was not reduced as much as that for
cash borrowed due to the presence of a small proportion of
negative values. . ..

. Approximate varianceformula of, the estimated coefftclent
of variation. Since in general only one estimate' of the co­
efficient of variation is available the variance formula dis­
cussed in an earlier<sectionIs not very useful. However, an
approximate formula based on the mean square: rerror can .be
used. This approximate formula is as follows:

•

Var
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•
Putting the estimator of Var s and Var xin the above formula
the following approximate variance formula, is obtained:

2
, ,Var (I)!: E (I)

x [2(i)

, E2CI)

[2(i)

2<=0., (I. i»)
ECI) E(i)

If the covariance term is zero the approximate variance formu-
'. la can be written as follows:

rVar CI)

[2 CI)
+ Var CX»)

[2 (x)

& £2(1)

£2('1)

Both can be estimated by using the following formula:

(8) (")'2
Var i :!r.- ii

o Using the approximate formula the estimated variances are:

Sample Estimated
Items size, Variance

Npt farm S .0619

Income 10 .0056

, Cash 3 .3042

Borrowed 10 .1410

The Coefficient of Variation As A Measure of
, , " Relative Efficiency ,

The need for thorough statistical investigation of different
sampling designs is great. Quite often such investigations are
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neglected since once a survey has been conducted, the question
of whether it could have been' carried out more efficiently is

'purely historical as tar the survey is concerned (Yates, 1953)'.

'The ratio of squaredcoefficientsof variation car~e 'used

as a measure or indicator of relative efficiency.

•

ReI-variance

I
0"2'2 j,

( u/~u.) of the ratio of squared!

'coefficients of variation.

Comparison of, efficiencies "of two" OI:, mo~e surveys or
• . • .. ~.' ._._.. ..' I ,\ ,

experimen tal designs is . commonly .done with! the' use of
• ',', , ,'. ..' I '. " ',' t

ratio of variances (F-distribution) but the ratio of squared co-

efficients of variation; .especially in survey sampling can also
be used. If wei~~'i' be' th~,: indicat~r ~f the true relative.', ..,

efficiency which is equal to the: ratio of population variances,
,'. .' • '. I.;

then we can write R symbolically as follows:
".':'

:" ~~. ).'

~ ~'" .

i :

..'

-
where

O"~
1 (i "';;; I, ·2) is the variance of 'ec;rc~, ~ype of'

sampling appropca and p.", the pepu l atiOJlmeao • If in'stead

• 0"2 2 d -.. 101 the parameter i and IJ.. 8 1 an Xl(l a ,2) are

u sed, " th en ':!~ec;~~'j, e6ti'~a'te ~he'p'~~ameter R by }tit:e two u-
. .: ..

timat,ors.• :nalD~l,y:". '. ", .- . ~ . . :

~ '. . ;'. • • I • ,. • .1'. .

;~ "

... ,','
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GIld

...
8v::

011ng the concepts given by Hansen. Hurwitz aDd
l4adow (1956). the reI-variances of the eS'timatora are

• -D

0'2
+ .!...!. -.L ,"3ft)

Il 10'12 n (T 2 10'
1 1

2
C (T2 4 ~3 (2)

+ ir --- -----.
p.2 n (T2 ~
222

•

v2,.,
Rcv CGD he written ae

R -1 2
2 ."'1 C'0'1 1t3(1)
v~ =----+-- -.. •Rcy 'aa 2 2

CT~1

, IJrl c ~ c 1L3ft)... -.... .--- ..--- .
II a 2 n 2

II> tT'J!"
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GIld

• .81_1 "2-1
=-+-n n

where ~1 =P.4(i). and with the assumption that
0'14

•

Is uDcorrelated with uncorrelated

if

or

< 0

•
2

.!~ [1-
h JJ-'l

1-£30) ]

0 4
i

< 0

Or

1

0 4
and i f J..L~ >

•J.£

In a symmetric population this is not true

since J.L
3

= O. Mi ravalle (19~'1) poin ted ou t that

when the mean and variance are correlated. pI O.
2 2

then " < V,.Rev Rv

234
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•
!his appears to ~e' reasonable since in a sample

form a skewed population if the mean is overesti­

mated or underestimated the variance is also over-
2

estimated or underestimated and the ratio S-=y
x

should partially compensate for any poor estimators

of the numerator and denominator and thus yielding

a better measure of the true population coefficient

• of variation. and hence of the true R. then the

estiDiated variance would give us of the true 0'2 •

Miravalle (1956) using the results from two

samplinq systems for estimating cotton acreage

have shown that V~ = 0.181 cmd V~ - 1Rv Rcv - O. 37.

•

•

The systems used were closed segment and farm
headquarter approach. The results from both systems are
expected to be skewed distributions. In this case of skewed
populations and with an assumption of independence Miravalle
remarked that the ratio of the coefficients of variation seemed
to be a better estimate of the relative efficiency than is the
ratio of variances.

The writer (1958) in an unpublished research studied the
influence of type of agricultural items, the influence of matched
and unmatched samples and the influence of sample size on
the feasibility of the ratio of squared coefficients of variation
as indicator of relative efficiency.

For studying the influence of type of agricultural items
the following were used:

Cultivated land and pasture (for brevity, pasture)
Cultivated land and tobacco (for brevity, tobacco)

an d for sample sizes:
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n = 20
n = 100

Two hundred samples of size 20 and 100 were drawn from an
assumed population of tobacco and pasture. The mean of
Rl~s by item, estimator, type of sample and are summarized as
fellows:

•

Type of Sanple Estimator Pasture TobaCClC)
• •n = 20 n = 100 n;;: 20 n = 100

Matchecl "Rev 3.4578 3.8306 1.0701 1.0724

it, 4.9026 4.1707 1.1299 1.0873

thmatd\ed "Rev 3.5960 3.8811 1.3434 1.1359

""R., . 6.4484 4.3969· 1.9025 1.2225

True B 3.9704 1.081a

A
'1he estimated variances of R's by item. estimator. type of

8anple and size of sCllllple are given lnthe following table: •
Type of Sanple Estimator Pasture Tobacm

n = 20 n = 100 n = 20 n: 100
,..

Matched Rev 7.8929 3.3115 0.2.199 0.0675

'R 70.0]34 7.9838 0.3769 0.0911 .v

tilinatehed
,..
Rev 9.2GOG 4.0821 ·1.6502 0.2523

ltv IG.9..1016 12.4210 11.4144 0.574&
~.

9here the·vari<tlee was estimated by usiuq .
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....

Var (~.)
J

n
1 .L;

:: n(n-l)
;;I CV. v ,

1 -1 r--r 2
P =-tan (20' ¥O'y vI -P-/ o x- Cfy)

n•

•

In studying the relative efficiency of the estimator Rev
and Rv, Pitman's "closeness" criterion was used. Geary (1943)
in the normal case, evaluated the probability of

I X - e I < I Y - e r greater than i by uainq

the equation:

e.a.., added that for all values 9 f P the probabill t,

18 qreater than or lees than ~ a8 Cf x is respectivel,

leu than 0 r greater than a •. y

Applying Geary' 8 formula in evaluatinq Pitman'.

criterion of Closeness, the probability of

'RCY - fl' I < I Rv - RI will be qrecter than ~ if O'Rc•

le88 than O"Rv' Three cases are evident. namely:

Case I. Cf" = C"Rev flv' If O"Rev is equal to O"Rv'

•

the probability i8 equal to ~; hence. it would not

mckeany dl Hennce -hi ch estbator 1. to be used.

Now if C'" - C" then
flev - Rv

1 =-1 l2~ 2', 2"
P =- tan (2 C" Cf" 11-"I (7 ftc. - Cf Ry) = i

." Rcv flv P.

Case II. cRcv > CfRy' .If cr~ev 1s quater than
....

erRv such that Ry 1. defin1tely betUr than Rev' th_



•
probability of I Rev' ':"' II'I '<. , Ry -, 1\1' ~Ul, approach'
.ae re . os O'~v appr~aehes zer~~

Le. . 1 -1' -,',' 9"'~/' 2 '
.. ," ., . tan, (,2 O'A ',0';" "l-'P. 0"""
, p=~:- , ' Rev Rv " Rc\'

17'

''', '~CasellI." O'Rey .( O'Rv·· • · If ';1.. ' i"l" thO "
v Rcv' 8, ess an O'Rv

.,.... ',';'" '.:.sue~':: tha,t the p,robabili ty 0 f ,Rc v '-R<·;lF.v" ...'R.I;,:,·'))

. '" , ,

app t¢'~ch~.s, uni ty. as c~v app re o'ches zero. 1. e ," ""

,p =1. tan -1('2O'R O'fi h.:p2;0'2Fi - <72R' 'O:'Zn )CRy~~(~),.~
'TT cv v ev, "Y' v '.\ .,:.,

" ,~ .... \.;

Diagrammad eal'iy ,these ca~:es co~be show~ as foJ.I~~8t
/.

•

_I'" " ':

III

.OR.,· ::~ /IR. ,:
cv v

I

,:~~~~' c-'a~
",

\. -,

""/'!\'

•

'TT

~ < p ~ 1,~:.:)"2 < e '~ll\
. ,.:.. .:.~' :7 ;;: n: '~'fJ .'; ';/~" ; 1 .,~ ~\

-i­
• : ,:; 1-~ c

..
',. \ <.',x:;,

\? ~~"'0 ::;.: 7T

o ~::P < ~, 0 s f) < "2
:' .:;j' :". \', l~;. L~\ ,:: ...~.f: g; ~

o

tha t '1 Ii; f~ r ' a~y: ':;:vCilu e :~~( e .in fhi;' 'i1 til<i'\'quaJ fa6:F~Rv "ou 1d b.

a b'et't:eres~im;atO r :t-h an· i!':':and' tf()f· ClIfY ',valu~n 0 f>A1,.i n<;;'tl\eI.:" . cv··' : ..... , . '. ,,:tlfU·

•



• eecond quadrant. flc v would be a better ,.tlmator

~alues obtained in aboY, anolyO!8
..":/ r~ :.~ .: A,t , '.

"
\.h~~ Rv '... ,:; ,,::

The probablli ty
,. " ' •. :.. ' ": ',j .•.

are as follows: :1,
.' ., 'oJ Ill; .~~.:" ".J

Type of Size of PJ;qbability
Item" Sample Sample ".1., Value-- ..-

, 20 .. 0.61~3

Matched
.100 ,",0:6680

Pasture

• 20 0.6649
Unmatched

100 0.8314
20 0.7649

Matched
100 ,0.8166

Tobacco
20 0.7315

Unmatched
.' 100 0.8728

Evict en t 1y. the r e su l ta of the above anal yllla
fl. ....

In~lcate tbat RCY i_ a better e.ti~ator of R than Av.

Generalization; houver. isdlfficult since'the atudy

• was l1mited to'skewed distribution ••

Bia. in'utimClteis. I f' the population ore norlllcl,

then both •• Ulllotor. are unbiased since

E( S12)

2 •
r~~2 )

R '.... ', cv.
=...E( 1.1.

.. 'F(R )'
cv :1

-E(:::~)
239

- S 2

t( ~» =
v ..i{

;'-"',,­
I •• , ....

~, .,
•.•• .1

bei.~., bdep",den to :Lik ewis-::

,..
E (Rv) •

(J

~
:: f'...~ 2s

1
and S2

:<:

J

>'. ~:

'.



mean

~

and Rev being independent. and also the sample
2

and variance for the normal populations are 112-

•

dependen t (Mood 1963).
"','

MIravall e U9S7) on the other hand considered

~the case when ;c2 Is not independent af 8
2 • She uti-

"mated the bios for Rc v as

".
Bi as = E(Itc v - lU

4(72 -2 2 20-1··

1)0-2+ 0-2[---l _ B - 0'21 1 nJ.L2 pSlx2 DJ.L 1
1• --- 40"2 u2

~

1]0'2 + a 2[--!- ps2x2 ---1 B - 2
2 2 nJ,L2 2 2 nJ.L 2

•

where B i (i .. 1 ') is the blOB in Rev. (i .. 1. 2>-
1

Miravalle:s results on the 9i as . 1val ue 0 f~ p re po rt.1ona •
o ( P. P i

2
bios. for di fferent Values and O'i are as

follows:

p PI 0'2 /3
2

0'2 ~
1 2 It

0 7 100 7 100 0

0 7 225 7 100 .084

0 9 100 6 100 0

0 9 225 6 100 .048

0 10 100 5 100 0

0 10 225 5 JOO .048
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•
.6 7 100 7 100 0
.6 7 144 7 100 .013
.6 7 225 7 100 .037
.5 9 100 9 100 -.006
.5 9 144 9 100 .006
.5 9 225 9 100 .029
.5 10 100 10 100 .010
.6 10 144 10 100 .002
.5 10 225 10 100 .025

1.0 7 100 7 100 0
1.0 7 225 7 100 .026

• 1.0 6 100 9 100 -.012
1.0 6 225 9 100 .010
1.0 6 100 10 100 -.020
1.0 6 226 10 100 0

Usinq the same populations (skewed) the writer
'flo "

arrl.ed at the f~llowinq biases for the Rev' s and Pyt,

by itea. type of sample and size of sample:

n = 100 n = 20 ft = lQO•
Type 0 f
Sampl e

Fst1mato r

n = 20

Pasture Tobacco

Rev -0.5216' - 0.1398 -0.0117 - 0.0094

Matched

UnDlatcheo
A.

Rv

+0.9322 + 0.2003 +0.0481 + 0.0055

-0.3144 - 0.0893 +0.2&lS' 0.0540

+=.4780' - 0.4265 +0.8207' 0.1401

R 3.9704 1.081'

•

i

~ SlCJD1flcant, 5% level
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